In this snapshot we give a glimpse of the interplay of special values of zeta functions and volumes of triangles. Special values of zeta functions and their generalizations arise in the computation of volumes of moduli spaces (for example of Abelian varieties) and their universal spaces. As a first example, we compute the special value of the Riemann zeta function
In this snapshot we give a glimpse of the interplay of special values of zeta functions and volumes of triangles. Special values of zeta functions and their generalizations arise in the computation of volumes of moduli spaces (for example of Abelian varieties) and their universal spaces. As a first example, we compute the special value of the Riemann zeta function
at s = 2 and give its interpretation as the volume of the moduli space of elliptic curves. As a second example, we calculate a special value of the Mordell-Tornheim zeta function using the SternBrocot tree. This example allows a geometric interpretation related to current research.
S o me recollections of the rational numbers 1.Th e ra t i o n a l nu m b e r s a n d t h e i r c o u n t a b i l i t y
A rational number is given as a fraction 1 if the relation a b = ab holds. This allows us to represent any rational number uniquely in its reduced form as a b , where a ∈ Z and b ∈ Z >0 with greatest common divisor (a, b) equal to 1; in other words, the set of rational numbers Q is given as
The set of rational numbers is known to be countable, since we can enumerate the rational numbers in the following well-known manner:
common divisor (a, b) equal to 1; in other words, the set of rational numbers Q is given as However, this counting process has the disadvantage that one rational number can occur several times. Therefore, it is desirable to provide a counting procedure which lists each rational number exactly once. This will be done in the next subsection introducing the Stern-Brocot tree, for which we refer to [5] .
The Ster n-Brocot tree
The Stern-Brocot tree was discovered independently by Moritz Stern (1858) and Achille Brocot (1861). Stern was a German number theorist, while Brocot was a French clockmaker who used the Stern-Brocot tree to design systems of gears with a gear ratio close to some desired value.
In order to construct the Stern-Brocot tree, we define the mediant of two rational numbers However, this counting process has the disadvantage that one rational number can occur several times. It is desirable to provide a counting procedure which lists each rational number exactly once. This will be done in the next subsection introducing the so-called Stern-Brocot tree, for which we refer to [7] .
T h e S t e r n -B r o c o t tr e e
The Stern-Brocot tree was discovered independently by the German number theorist Moritz Stern in 1858 and by the French clockmaker Achille Brocot in 1861.
In order to construct the Stern-Brocot tree, we define the mediant of two rational numbers
The vertices of the Stern-Brocot tree will be determined by positive rational numbers, starting with 1/1 on the 0-th level. A vertex of the tree that is labeled by the positive rational number a/b gives rise to two new vertices by taking the mediant of a/b with the nearest rational number to the left and to the right of a/b, respectively, already constructed in the tree (including 0/1 and 1/0, which do not belong to the tree). For example, the rational number 2/3 gives rise to the two new vertices 3/5 and 3/4, since 3/5 is the mediant of 2/3 and 1/2, which is nearest to 2/3 to the left, while 3/4 is the mediant of 2/3 and 1/1, which is nearest to 2/3 to the right. The resulting binary tree can be depicted as follows:
The vertices of the Stern-Brocot tree will be determined by positive rational numbers. A vertex of the tree, corresponding to the positive rational number a/b, gives rise to two new vertices obtained by taking the mediant of the nearest rational number to the left and to the right of a/b, respectively, already constructed in the tree (including 0/1 and 1/0, which do not belong to the tree). For example, the rational number 2/3 gives rise to the two new vertices 3/5 and 3/4, since 3/5 is the mediant of 2/3 and 1/2, which is nearest to 2/3 to the left, while 3/4 is the mediant of 2/3 and 1/1, which is nearest to 2/3 to the right, respectively. The resulting binary tree can be depicted as follows: 1 As indicated in the figure above, it is convenient to keep track of all the rational numbers constructed in this way, by successively copying them to the next level of the construction. On each level (starting with the 0-th level) we thus collect the rational numbers constructed so far in a strictly ordered manner from left to right, starting with 0/1 and ending with 1/0 (which is not a rational number, but rather a quantity being larger than any positive rational number). In the sequel we will call two rational numbers on the same level, which are next to each other, neighboring fractions.
Proper ties of the Ster n-Brocot tree
We now list and prove some of the main properties of the Stern-Brocot tree.
(1) We claim, that if 
In order to prove these inequalities, we interprete the fractions As indicated in the figure above, it is convenient to keep track of all the rational numbers constructed in this way by successively copying them to the next level of the construction. On each level (starting with the 0-th level) we thus collect the rational numbers constructed so far in a strictly ordered manner from left to right, starting with 0/1 and ending with 1/0 (which is not a rational number, but can be thought of as a quantity larger than any positive rational number). In the sequel we will call two rational numbers neighboring fractions if they are next to each other on the same level in the tree.
Pr o p e r t i e s o f t h e S t e r n -B r o c o t t r e e
(1) We claim that if 
In order to prove these inequalities, we interpret the fractions 
for which we compute (using the induction hypothesis)
This completes the induction step. 2 Special values of the Riemann zeta function
T h e c o m p u t a t i o n o f ζ(2)
The Riemann zeta function is defined as the series
where s ∈ C with Re(s) > 1. In this subsection we aim at computing the special value ζ(2). We will complete this task by relating ζ(2) to the area of two triangles; we will follow the article [8] .
To do this, we start by rewriting the term 1/n 2 (n ∈ Z >0 ) in the form
Thus, the term 1/n 2 equals the area of the region to the right of the y-axis between the exponential curve defined by the equation y = e −nx /n and the x-axis. Therefore, the value of the series
can geometrically be visualized as follows: Therefore, the value of the series Using the well-known Taylor expansion for the logarithm function
in conjunction with relation (1), we obtain
This proves that ζ(2) equals the area of the region A determined by the curve C defined by the equation
This proves that '(2) equals the area of the region A determined by the curve C defined by the equation
in the x, y-plane for 0 AE x < OE. In order to compute the area of A, we make the change of variables
from the -, --plane to the x, y-plane. By the integral transformation formula, we then derive
where B denotes the region in the -, --plane which is mapped bijectively to the region A in the x, y-plane by the map Ï. A straightforward calculation shows that the determinant of the Jacobian of Ï is given by det
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,ˆÏ In order to compute the area of A, we make the change of variables
from the α, β-plane to the x, y-plane. By the integral transformation formula (a two-dimensional generalization of integration by substitution), we then derive
where B denotes the region in the α, β-plane which is mapped bijectively to the region A in the x, y-plane by the map ϕ. A straightforward calculation shows that the determinant of the Jacobian of ϕ is given by
using the addition formula cot(α + β) = (cot(α) cot(β) − 1)/(cot(α) + cot(β)) for the cotangent. Furthermore, it can be shown that the region B is given as the union of the following two triangles
as depicted below.
using the addition formula cot(-+ -) = (cot(-) cot(-) ≠ 1)/(cot(-) + cot(-)) for the cotangent. Furthermore, it is shown that the region B is given as the union of the following two triangles
log ( as depicted in Figure 6 . Using
we obtain '(2) = area(A) = area(B) = area(B 1 ) + area(B 2 ) = fi
which is the well-known value already determined by L. Euler in his solution to the "Basler Problem".
The value '(2) as volume of a moduli space
The special value '(2) of the Riemann zeta function has another geometric interpretation, namely as the volume of the moduli space A 1 of elliptic curves, i.e., of smooth projective curves of genus g = 1. This means that the points of A 1 are in bijection with the isomorphism classes of elliptic curves over C; the bijection is given by assigning to the point [z] oe A 1 the isomorphism class which is the well-known value already determined by the Swiss mathematician Leonhard Euler (1707-1783) in his solution to the so-called "Basel Problem".
Int e r p r e t i n g ζ(2) a s vo l u m e o f a m o d u l i s p a c e
The special value ζ(2) of the Riemann zeta function has another geometric interpretation, namely it also gives the volume of the moduli space A 1 of elliptic curves, that is, of the moduli space of smooth projective curves of genus g = 1. More specifically, this means that the points of A 1 are in bijection with the isomorphism classes of elliptic curves over C, the bijection being given by assigning to the point [z] ∈ A 1 the isomorphism class of the elliptic curve C/(Z ⊕ Z z). Therefore, A 1 can be realized as the quotient space SL 2 (Z)\H, where SL 2 (Z) is the modular group acting by fractional linear transformations on the hyperbolic upper half-plane H := {z = x + iy ∈ C | y > 0}. It is known that the quotient space SL 2 (Z)\H is in continuous bijection with the fundamental domain
transformations on the hyperbolic upper half-plane H := {z = x+iy oe C | y > 0}. It is known that the quotient space SL 2 (Z)\H is in bijection to the fundamental domain
By means of these identifications, the volume of A 1 with respect to the normalized hyperbolic metric dµ 1 can be computed as '(s) = fi
the formula for the volume of A 1 can be rewritten in the simplified form By means of these identifications, the volume of A 1 with respect to the normalized hyperbolic metric dµ 1 can be computed as
recalling the identity ζ(2) = π 2 /6 from Subsection 2.1. Using the functional 8 equation of the Riemann zeta function
the formula for the volume of A 1 can be rewritten in the simplified form
3 S p ecial values of the Mordell-Tor nheim zeta function
Th e s e t u p
The Mordell-Tornheim zeta function is defined as the double series
where s 1 , s 2 , s 3 ∈ C with Re(s 1 ) ≥ Re(s 2 ) ≥ Re(s 3 ) > 1 (see [5] ). In this section we aim at computing the special value
We will be able to do this by relating the special value ζ MT (2, 2; 2) to the area of the region F determined by the curve C defined by the equation
in the x, y-plane for 0 ≤ x ≤ 1.
3 Special values of the Mordell-Tornheim zeta function
The set-up
The Mordell-Tornheim zeta function is defined as the double series (see [4] )
where
In this section we aim at computing the special value
We will be able to complete this task by relating the special value ' MT (2, 2; 2) to the area of the region F determined by the curve C defined by the equation
in the x, y-plane for 0 AE x AE 1. Using integration it is easy to compute the area of F simply as Using integration it is easy to compute the area of F simply as
T h e c o m p u t a t i o n o f ζ MT (2, 2; 2)
In order to compute ζ MT (2, 2; 2), we will interpret it as the area of the region 
using observation (2) from Subsection 1.3. In order to obtain the desired triangles ∆ m,n , we need the successor of (3) in the Stern-Brocot tree on the next level, which is given as the mediant
We next consider the three lines whose slopes are determined by the negative reciprocals of the fractions (3), (5) and which are tangent to the curve C in the points
respectively. These three lines are explicitly given by the formulae
respectively. The triangle ∆ m,n is now determined by the three intersection points P 1 , P 2 , P 3 of the lines t 1 (x) with t 2 (x), t 1 (x) with t 3 (x), and t 2 (x) with t 3 (x), respectively. A straightforward calculation yields
respectively. The triangle m,n is now determined by the three intersection points P 1 , P 2 , P 3 of the lines t 1 (x) with t 2 (x), t 1 (x) with t 3 (x), and t 2 (x) with t 3 (x), respectively. A straightforward calculation yields
Using N := mn(m + n), the area of the triangle m,n is then given by the
where Using N := mn(m + n), the area of the triangle ∆ m,n is then given by the formula
Using (4), a direct calculation now gives
Using (4) once again, we find that the area of the triangle ∆ m,n is given by the formula
Note that the triangles ∆ m,n exhaust the area under the curve C (for 0 ≤ x ≤ 1) as m, n range through all positive coprime integers. (Why?)
Using (4) once again, we find that the area of the triangle m,n is given by the formula
After this elementary calculation, it remains to note that the triangles m,n exhaust the area under the curve C (for 0 AE x AE 1) as m, n range through all positive coprime integers. where c 1 (ω g , · ) denotes the first Chern form of the Hodge bundle ω g , equipped with the Petersson metric · . The fact that these two interpretations lead to the same result is a consequence of Chern-Weil theory which assumes that the metric in question is smooth (see for example [3] ). In the present case the metric · under consideration becomes logarithmically singular when one approaches the boundary of A g ; nevertheless, Chern-Weil theory continues to hold true thanks to a deep result of Mumford (see [6] ). After this preliminary discussion, we are now able to provide a geometric interpretation of the special value ζ MT (2, 2; 2) of the Mordell-Tornheim zeta function. Associated to the moduli space A 1 of elliptic curves, there is the universal elliptic curve B 1 , which is a fibration π 1 : B 1 → A 1 so that the fiber of π 1 over [z] ∈ A 1 is the elliptic curve C/(Z ⊕ Z z). More specifically, the universal elliptic curve is given as
In analogy to the Hodge bundle ω 1 on A 1 , there is a distinguished line bundle L 1 on B 1 , which carries a natural metric · Θ . As before, we can now compare the 2-fold self-intersection number L 1 · L 1 (note that dim(B 1 ) = 2) of the line bundle L 1 with the quantity
Since the singularities of the metric · Θ as one approaches the boundary of B 1 are worse than logarithmic, it turns out that the two quantities under consideration are no longer equal. It turns out that the difference is measured by the special value ζ MT (2, 2; 2), that is, we have
This result can be explained as follows: The compactification B 1 of B 1 over the one-point-compactification A 1 of A 1 (realized by adding the point at infinity By taking the pull-backs of the line bundle L 1 onto the various blow-ups, it turns out that on each level the difference between the respective self-intersection numbers and the integrals over the wedge product of the respective Chern forms decreases by the summands defining the series ζ MT (2, 2; 2). In the limiting case, Chern-Weil theory holds, which then provides the claimed value for the difference (6) . For more details, we refer to [4] and [2] . The next steps in research consist in generalizing the results obtained for g = 1 to the case of the universal Abelian variety π g : B g → A g for g > 1 and more general mixed Shimura varieties, as well as in translating the geometric results thus obtained to the Arakelovian setting based on the results obtained in [1] .
